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This article presents optimal runway takeoff trajectories of a multiengine helicopter in the event of one engine
failure. A point-mass model representative of the UH-60A helicopter is employed. Pilot response delays are
ignored. Two optimal control problems are formulated for both continued takeoff and rejected takeoff after a
single engine failure. Subject to specified safety conditions, the first formulation minimizes the runway length
required for a given takeoff weight, whereas the second maximizes the takeoff weight for a given runway length
in continued takeoff and for an unspecified runway length in rejected takeoff. Constraints on thrust angle, and
thrust magnitude are included. For the continued takeoff, an optimal choice of the takeoff safety speed is
determined to be about 15 ft/s above the initial airspeed at engine failure. Maximum takeoff weight is dictated
by the remaining power after one engine failure if the runway length is sufficient, and is determined by the
available runway length otherwise. For the rejected takeoff, the minimum runway length is a function of initial
conditions at engine failure, and is roughly independent of takeoff weights. These results replicate some key
characteristics of those from flight tests reported in the literature.

Nomenclature

Cr = power coefficient

Cr = thrust coefficient

(C., C) = (horizontal, vertical) component of thrust
coefficient

Cy = mean blade profile drag coefficient

D, = parasite drag of the fuselage

f. = equivalent flat plate area of the fuselage

fo = ground effect factor

g = acceleration of gravity

h = helicopter altitude

Ir = polar moment of inertia of the main
rotor

Kina = induced power factor

m = helicopter mass

m,, = reference mass

Por = power available in one engine inoperative

P, = main rotor profile power

P, = helicopter power required

R = main rotor radius

T = main rotor thrust

U. = main rotor climb velocity component

U, = tangent velocity component on the main
rotor

U, = horizontal component of takeoff safety
speed

(u, w) = (horizontal, vertical) component of
inertial velocity

U, U, = normalized helicopter controls

Vioss = takeoff safety speed

Vy = airspeed for best rate of climb
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I. Introduction

EDERAL Aviation Regulation Part 29 specifies that

transport helicopters must be certificated as either cat-
egory A or B.! Category-B certification applies to either single
or multiengine helicopters with gross weight less than 20,000
Ib. A Category-B helicopter must be able to land safely in
the case of one or all engine failures. There is no requirement,
however, for continued flight capability.

In contrast, Category-A certification applies to multiengine
helicopters with independent engine systems. It requires that
helicopters be able to continue the flight with one engine
inoperative (OEI). Therefore, Category-A helicopters are
permitted to operate from rooftops and oil rigs, and to fly to
areas where no emergency landing sites are available. Spe-
cifically, in takeoff flights (Fig. 1), the pilot must continue
the takeoff (CTO) if one engine fails after the helicopter has
passed the takeoff decision point (TDP), and should land, or
reject the takeoff (RTO), if the engine failure occurs before
reaching TDP. While there is no maximum weight limit, a
Category-A helicopter must be able to satisfy OEI operation
requirements within the available runway field.

To date, Category-A flight procedures have been deter-
mined from flight tests, which can be dangerous, very time-
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FAA OEI STOL Takeoff Requirements
Rating AEO TOP* 2.5 min 2.5 min | 30 min
Airspeed 0 — Vimp Vipp — Vross ! Vross |- Vy
R/C (fpm) N/A N/A 100 150
Rotor RPM N/A N/A N/A 100%

*TOP = Takeoff Power
Fig. 1 Category-A helicopter runway (or STOL) takeoff procedure.

consuming, and costly. Flight manual instructions based on
flight tests provide the pilot with very conservative recom-
mendations in terms of maximum takeoff weight or required
runway length. Usually, a single TDP is recommended for all
flight conditions. The pilot cannot trade reduced takeoff weight
or favorable ambient conditions for a shorter runway.

Recently, several investigators studied a variable TDP ve-
locity concept. Cerbe and Reichert? developed a quasista-
tionary simulation model based on the power required data
field and conducted parameter optimizations. They discussed
the relationship between the TDP velocity and the takeoff
safety speed V. qoss in a runway takeoff for the BO 105 heli-
copter. Saal and Cole® conducted an extensive flight inves-
tigation with the S-76B helicopter and proposed varying TDP
velocity and Vg4 to provide flexibility for optimizing payload
and field lengths in a runway takeoff. Okuno and Kawachi*
applied optimal control theory and studied choices of TDP
velocity and takeoff slope for runway length reduction. In
addition, Vodegel and Stevens® developed a computer pro-
gram to simulate Category-A vertical takeoff flights. Gol-
denberg et al.® developed a sideway ascent/descent operation
procedure on an elevated helipad for the Model 230 helicop-
ter. This procedure was previously discussed by Lande.” Op-
timal control theories have also been used to study landing
procedures in autorotation after all engines fail.#-°

The main objective of this article is to understand the effects
of fundamental parameters associated with Category-A run-
way takeoff operations. There are three primary concerns in
a Category-A runway takeoff: 1) runway field length, 2) pay-
load capability, and 3) safety. Any good flight strategy must
achieve a proper balance among these three factors.

In this article, a point-mass helicopter model is used and
two nonlinear optimal control problems are formulated for
both the continued takeoff and the rejected takeoff. Under
specified safety conditions, the first formulation minimizes
the required runway length for a given takeoff weight, while
the second formulation maximizes the takeoff weight for a
specified runway length in CTO and for an unspecified runway
length in RTO. Both formulations are subject to maximum
and minimum rotor speed constraint, and thrust magnitude
and angle constraints.

To select a proper TDP, conditions at the single engine
failure are systematically varied. These conditions are used
as the initial conditions in trajectory optimizations. Based on
combined considerations of continued takeoff and rejected
takeoff, one can select suitable TDPs that provide overall
minimum runway lengths.

II. Helicopter Model and Equations of Motion

A. Point-Mass Helicopter Model

A two-dimensional point-mass helicopter model®** is used
for the present study. Figure 2 shows the force balance in the
point-mass model. The main rotor thrust can be expressed in
terms of its coefficient C;:

T = p(mR*)(QR)*Cy (1)

T
‘B
Rotor TPP v
h u
Df
[0 X mg

Fig. 2 Point-mass helicopter model.

Fuselage drag can be expressed as
D, = —$pf.V(ui + wj) )

The two-dimensional equations of motion are therefore given
by

mi = Tsin B — fpfuVu® + w2 3)
mw = T cos B — spfwVu® + w? + mg 4
X=u %)
h=—-w 6)
The airspeed and flight-path angle are
V= VuZ+ w? )
siny = —(w/V) ®

The rotor rotational acceleration is given by'!

I.OO = Py, — P

— Pogs - %[p(wRZ)(nRﬂcp ©

where the efficiency factor n accounts for the power losses
associated with tail rotor and transmission.'?

Category-A OEI operations are basically a power defi-
ciency problem. The power from the remaining engine(s) after
one engine becomes inoperative is crucial. There are two types
of power ratings: 1) all engine operating (AEO) power ratings
and 2) OEI contingency power ratings. AEO power ratings
consist of AEQ takeoff power and maximum continuous power.
The OEI takeoff contingency power ratings are defined in
terms of the level and the duration, which include a 2.5-min
power rating and a 30-min power rating. (A 30-s supercon-
tingency power rating is also being proposed.'?) In the current
study, we assume that the 2.5-min OEI power rating is 110%
of the AEO takeoff power rating, while the 30-min OEI power
rating is 105% of the AEO takeoff power rating. These are
typical based on existing engine data. Therefore,

Pogr = (110 or 105%)(AEO takeoff rating/2) — P, ccvory
(10)

The main rotor power required in Eq. (9) is a sum of the
induced power, climb power, and the profile power:

Cr = CNCTD(Kinaf ¥ + U) + Cr, (A1)

In this article, it is assumed that f;, = 1 and K4 = 1.15.
To determine the normalized rotor-induced velocity v;, two
normalized velocity components on the rotor are defined as

0 usin 8 — wcos B

= 12
‘ QR C,12 (12)

_ wsin B + ucosf
= 13
U QRN C2 (13)
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Outside the vortex-ring state
QU +32+U:>1 (14)

the rotor-induced velocity can be described by the momentum
theory'4-'e:

v 4+ 2003 + (02 + U2 =1 (15)

which can be solved efficiently with a Newton—Raphson scheme.
In the vortex-ring state

QU. + 3+ U2=1 (16)
Johnson® proposed an empirical formula:
v, = U.(0.37302 + 0.59802 — 1.991) 17)

In the vortex-ring state, the actual induced flow is often
unsteady and erratic. Therefore, the induced velocity in Eq.
(17) should only be interpreted as the mean value affecting
the induced power.

For takeoff and landing flights, the profile power is ex-
pressed by'*

Cp = toc, (18)

pr

B. Constraints
Thrust coefficient and thrust angle must satisfy

0 = CT = CT"'H,( B] = Bmax (19)

The rotor angular speed is constrained by upper and lower
limit

Qmin = Q = Qmux (20)
Specific terminal constraints depending on the type of OEI
flight are discussed later.

C. Equations for Trajectory Optimization

In practice, the pilot controls the rotor flapping motion of
a helicopter through collective pitch and cyclics. The flapping
motion is usually much faster than both the helicopter rigid-
body motion and the trajectory motion. Desired levels of rotor
thrust magnitude and direction can be achieved almost in-
stantaneously by applying proper collective and cyclic con-
trols. Therefore, the horizontal and the vertical components
of the thrust coefficient can be considered as the control var-
iables:

C, = Crsin B (21)
C,=Crcos B (22)

where the thrust coefficient is defined in Eq. (1).

Proper choice and scaling of variables are vital to a suc-
cessful convergence of an optimization problem. Conse-
quently, all distances are normalized judiciously by (10R) and
time by 100/€},, where €}, is the nominal rotor speed. Define

w _ 4 _8 s
TOIoR T omr P 0 @
h X Ot
O = X = 24
“WETR P TR T 100 (24)
u, = 10°C,  u, = 10°C, (25)

From Egs. (3-6) and Eq. (9), we have
xy = 78y — dpyxiu, — Sﬁbxl\/x% + x3) (26)
x5 = T/'a(Pux%uz - foxz\/x% + x3) (27)

Xy = T/'[(Ps/xz) + s (U, — xu,) — kpx,%

= kxi(ui + u3)¥v] (28)
Xy = —Tx, (29)
X5 = T, (30)

where the prime represents differentiation with respect to (7/
7,), and the coefficients are given:

1000g pmR? Spf.R 100P .,
&= "2 Py =", 0T T, bs="71755

QR my my, I Q5

p'7TR5 . . Kin
Ly = 1007’11; k,; = 12500¢ i, k, = i - /—28
8 = my/m (31
The final time is computed from

t; = 1007,/ (32)

Inequality constraints in Eqgs. (19) and (20) can be enforced
using

u, = (tan B, )4, (33)
u, = —(tan B, ), 34)
X5 = Qi (35)

x = Q (36)

The maximum thrust coefficient is always satisfied in the op-
timal trajectories.

D. Example Helicopter: UH-60A

The Sikorsky UH-60A (Black Hawk) helicopter!’-2"is used
as the example helicopter. This single rotor helicopter is pow-
ered by two T700-GE-700 turboshaft engines. The Appendix
lists some important parameters of this helicopter compiled
from Howlett'® and Prouty,'” as well as parameters used in
the optimization studies.

III. Numerical Studies

A. Nominal AEO Runway Takeoff Path

For AEO runway takeoffs, Schmitz?' recommended a sim-
ple strategy that maximizes payload over a given runway length
and a specified obstacle height. Following his strategy, a hel-
icopter would start the takeoff with hover in ground effect,
accelerate horizontally to a specified rotation speed, and then
climb at a constant airspeed V|, and a constant flight path
angle v, (Fig. 1).

For the current study of Category-A runway takeoff, we
specify the following ground rules. A helicopter begins takeoff
with a hover in ground effect at 5 ft. The helicopter then
accelerates horizontally at 0.2 g until V = V. At V,, the
helicopter starts climbing at a constant flight path angle v,
while maintaining the constant airspeed. For RTO, the hel-
icopter decelerates at —0.2 g from touchdown to a complete
stop.
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The following discrete values of nominal AEO takeoff air-
speed V,, and flight-path angle vy, are used for the example
helicopter:

V, = 50, 65, 80 ft/s (37)
yo = 3,5,7,9, 11 deg (38)

For each set of (V,, ¥,), the following values of engine failure
height A, are investigated:

h, = 10, 15, 20, 25, 30 ft (39)

The range of airspeed is selected to take advantage of ground
effect® and to avoid the unreliable pitot-static tube perfor-
mances when airspeed is below 30 kn. The range of flight-
path angle is selected so that the corresponding change in
potential energy is comparable to that in kinetic energy.

B. Solution Parameters and Strategies

Definition of a Category-A runway takeoff strategy re-
quires the determination of many parameters including TDP
conditions (Fig. 1). Usually, TDP is specified by airspeed and
altitude. Because Category-A operations are power deficiency
problems, both energy state and energy rate of a helicopter
at the point of engine failure are important. Therefore, the
choice of a nominal AEQ takeoff path affects TDP conditions.
For the nominal AEO takeoff path selected previously, the
TDP conditions ought to be specified in terms of (A,pp, Vi,
Yo» ). In addition, the takeoff safety speed V. g in CTO,
limits of acceptable touchdown velocity components in RTO,
and levels of constraints, all affect the maximum takeoff weight
and required runway length. Furthermore, ambient atmo-
spheric conditions affect helicopter OEI performance.

In this article, we limit the varying parameters to V,, v,
Aipp, Vioss, and W,,... Other parameters are judiciously se-
lected and fixed in the course of optimizations. However,
methods developed in this article can be used equally well for
studying effects of other parameters such as OEI power levels
and the polar moment of inertia of the rotor.

Of primary concern in Category-A runway takeoff opera-
tions are runway field length, payload, and safety. Clearly,
tradeoffs must be made among maximizing payload capabil-
ity, minimizing required runway field length, and maximizing
safety. Flight manual instructions are often conservatively safe.
In this article, therefore, we determine flight paths that min-
imize runway field lengths and maximize payload capabilities,
subject to safety levels and performance standards specified
in the FAA regulations. As a result, the problem becomes
one of determining V,, ¥y, A1pp, V ross. and W, to minimize
overall required runway field length and to maximize payload
capability of a helicopter during OEI operations.

A complete solution to the Category-A runway takeoff
problem consists of three segments: 1) OEI climbout, 2) con-
tinued takeoff, and 3) rejected takeoff (Fig. 1). In this article,
we study each segment separately and combine them to de-
termine overall optimum strategies.

1) The OEI climb requirements determine the maximum
takeoff weight meaningful for the whole Category-A opera-
tion. Therefore, maximum takeoff weights in the OEI climb-
out are first examined using steady-state equations.

2) We then study continued takeoff and rejected takeoff
separately. Nonlinear optimal control problems are formu-
lated to minimize runway lengths and to maximum payload
capabilities.

3) Finally, minimum runway lengths for CTO and RTO are
compared to yield overall minimum runway field lengths for
Category-A runway operations. Details follow in Secs. IV,
V., and VL

C. Numerical Solution Techniques for Trajectory Optimizations

Conditions at engine failure point on a nominal AEO take-
off path are used as the initial conditions for trajectory op-
timizations. To obtain numerical solutions, all the inequality
constraints are transformed into equality constraints using a
slack variable method.?* The ‘‘sequential gradient restoration
algorithm” by Miele et al.?* is then employed.

Different initial guesses of states, controls, and parameters
are tried for trajectory optimizations. In this article, we as-
sume initially that all state variables are constant and equal
to their corresponding initial-time values, and all control var-
iables are constant as well. Convergence criteria are selected
such that further iterations will not change the performance
indices by more than 0.5%.

IV. Continued Takeoff Flight

Federal Aviation Administration (FAA) rules for OEI con-
tinued takeoff have two parts.! During the transition flight
from one engine failure to the beginning of OEI climbout, a
helicopter must attain a minimum altitude of 35 ft and the
takeoff safety speed V. oss, Which assures a minimum climb
rate of 100 fpm. If U, is the horizontal component of the
takeoff safety speed

Viess = VU3 + (1.667)* = U, (40)

During the subsequent OEI climbout phase, the helicopter
must be able to satisfy the OEI climb requirements with the
remaining power available (Fig. 1). These OEI requirements
determine maximum weights possible for given OEI powers
and flight speeds.

A. Maximum Weight in Steady OEI Climb

There are two segments in the OEI climbout. From 35 ft
to at least 100 ft, the helicopter must be able to maintain a
minimum rate of climb of 100 fpm at Vo4 with the 2.5-min
OEI power. From 100 to 1000 ft, the helicopter must be able
to accelerate from Vo4 to V and achieve a minimum climb
rate of 150 fpm at V, with the 30-min OEI power.

While the maximum power available is nearly constant, the
power requirement of a helicopter varies with the speed of
flight. As a result, maximum weight possible in an OEI climb
depends on the speed of flight. Figure 3 shows the maximum
weight as a function of the horizontal velocity component U,
in a steady climb.

Figure 3 is obtained from the steady-state solutions of Egs.
(26-28), with three sets of conditions: 1) Pog; =_110% AEO
takeoff power, rate of climb is 100 fpm, and Q@ = 1.0; 2)
Poer = 110%, rate of climb is 100 fpm, and Q = 0.91; and
3) OEI power is 105% of AEO takeoff power, the rate of
climb is 150 fpm, and 0 = 1.0.

The maximum weight increases as U, increases and achieves
a peak value at V,. This is consistent with the typical heli-
copter power requirement. To be able to carry a higher pay-
load in the OEI climb, the helicopter must attain a larger
speed U, {(or Vi ogs) at the end of the transition flight.

Maximum Weight in Steady Climb
25

POEI R/C Q
- 110%,100fpm,1.0
-- 110%,100fpm,.91
.. 105%,150fpm,1.0

10000 Ibs
3]

-

50 100 150 200 250
U2 in ft/sec

Fig. 3 Maximum weight in steady OEI climb.
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Table 1 Maximum
weight in steady

OEI climb
U., fps W, ib
55 16,698
60 17,211
65 17,715
70 18,206
75 18,681
80 19,137
85 19,572
90 19,984
95 20,372
100 20,734

In the current study, U, covers the range of 55 = U, = 100
ft/s. Figure 3 shows that V, =~ 150 ft/s. A helicopter flying at
V, with 105% Pgg, can carry more weight than at any U, in
this range with 110% Pg,. Therefore, the first climb segment
is more restrictive. Consequently, we determine maximum
weights from the requirements of the first OEI climb segment.
Table 1 lists maximum takeoff weights at several U, values
determined from the first climb segment corresponding to
Pog; .= 110% AEO takeoff power, climb rate of 100 fpm,
and Q = 1.0.

B. Minimum Runway Length Problem

The minimum runway continued takeoff problem mini-
mizes

1 = x5(7) (41)

subject to Egs. (26-36), and the following terminal con-
straints:

h(r) = 35 ft (42)
~w(7;) = 100 fpm = 1.667 fps (43)
u(t) = U, (44)

where Eq. (44) is added to provide consistency between the
transition CTO flight and the OEI climb. In the FAA regu-
lations, V. o¢s is implicitly specified to assure a minimum climb
rate of 100 fpm. Preliminary optimization studies indicate that
the climb rate of 100 fpm can be achieved with different
airspeeds. On the other hand, a certain maximum weight in
asteady OEI climb is directly related to a certain steady speed
in the climb, as was shown previously.

There is a tradeoff in selecting U,. A larger U, leads to a
higher takeoff weight in the steady OEI climb, but requires
a longer runway during the transition flight. To determine
proper values of U,, we compare the optimal trajectories for

AV = U, - V, = 5, 10, 15, 20 ft/s (45)

For each U,, the takeoff weight is obtained from Table 1.
Figure 4 shows the altitude, airspeed, and helicopter power
required histories for different U,, for V, = 50 ft/s, y, = 5
deg, and an engine failure height of 4, = 20 ft. Optimal
trajectories for other engine failure heights and/or different
V, show a similar trend.

Figure 4 shows that the largest takeoff safety speed (thus,
the largest payload, Table 1) without any altitude decrease
corresponds to U, = 65 ft/s. Therefore, we recommend that
U, = V, + 15 ft/s. This result is consistent with flight manual
instructions of the Supa Puma helicopter.? Saal and Cole also
recommended a 10-kn difference between V., g5 and V,, for
achieving balanced field lengths.?

Altitude
35 7 o B
’ 7
/ 7
[ 7
301 17 7
AR !
= I;.:/ h ~. - /
251 7 h
i
4
200 200 400 600

Horizontal Distance in ft

Airspeed
75
70 Y
ST T~
/.
§ 65 .
AN
el g
,//
v
55 7
50
0 5 10
Flight Time in sec
Power Required
6000

4000

HP

2000

0 0.5 1
Normalized Flight Time

Fig. 4 Effect of U, in OEI minimum runway length CTO.

Figure 5 shows time histories of other states and controls
in CTO with V,, = 50 ft/s, y, = 5 deg, & = 20 {t, and different
values of U,. In all cases, the rotor angular speed reduces to
and stays at the lower limit. The helicopter power required
P, reduces from its initial value to a steady-state value, which
is equal to the OEI power available. Therefore, a typical
continued takeoff consists of three phases. Initially, the hel-
icopter reconfigures itself so that the helicopter power re-
quired quickly matches the power available and main rotor
speed reduces to the lower limit. The helicopter trades the
rotational energy of its rotor for potential and kinetic energy.
During the second phase, the helicopter power required is
maintained at the OEI power level and the rotor speed is
maintained at the lower limit while the helicopter gains air-
speed and altitude. Finally, the helicopter exchanges different
energy sources to achieve the terminal conditions. During the
whole flight, the helicopter always stays out of the vortex-
ring state.

Due to the inequality constraint of Eq. {(43), the final climb
rate is either equal or above 100 fpm. For a larger U, and/or
a lower engine failure height 4, Eq. (43) is usually satisfied
as an equality, or the final climb rate is roughly equal to 100
fpm. For a smaller U, and/or a higher A, the final climb rate
is often above 100 fpm. For simplicity, we can enforce Eq.
(43) as an equality in all cases. The resulting optimal trajec-
tories require only slightly longer runway lengths than those
using the strict inequality of Eq. (43).

The British Civil Aviation Authority (CAA) issues a dif-
ferent set of standards for Category-A continued takeoff flight.>
A helicopter becoming OEI after TDP must achieve a min-
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Normalized Rotor Speed

— U2 =55 ft/sec
0.98[ - U2=60
: . U2=65
0.967 ; - U2=70

0.94

0.92

Thrust Coefficient
15

0 0.5 1
Normalized Flight Time

Fig. 5 Minimum runway length CTO with V, = 50 ft/s, y, = 5 deg,
h, = 20 ft, and U, varying from 55 to 70 ft/s.

imum altitude of 50 ft, a minimum climb rate of 100 fpm, and
a minimum climb gradient of 3%. Mathematically

h(z) = 50 ft (46)
—w(r;) = 100 fpm 47)
—w(7) = 0.03u(r)) (48)

u(r) = U, (49)

where the last constraint is again added for consistency be-
tween the transition CTO flight and the steady OEI climb.
Clearly, meeting the requirement of Eq. (47) automatically
satisfies Eq. (48) if U, = 55.56 ft/s, and vice versa if U, >
55.56 ft/s. Therefore, only one of Egs. (47) and (48) needs
to be included in the optimizations.

Figure 6 compares the helicopter altitude and airspeed fol-
lowing FAA rules and CAA rules for the same engine failure
conditions: V,, = 50 ft/s, vy, = 5 deg, U, = 65 ft/s, W =
17,715 Ib. The helicopter traces almost the same path for
altitude up to 35 ft. Therefore, for the example helicopter,
there is no fundamental difference between the two sets of
rules, other than that the CAA rules require a runway length

Altitude

50

40 /

30
~FAA

-- CAA

2
00 200 400 600

Horizontal Distance in ft

Airspeed

0 2 4 6 8
Flight Time in sec

Fig. 6 Minimum runway length CTO with FAA and CAA rules,
Vo = 50 ft/s, v, = 5 deg, and U, = 65 ft/s.

twice as long as the FAA rules. Whether the stringent CAA
rules are justified depends on the conditions of surrounding
obstacles. If not explicitly stated, all results in this article are
obtained with FAA rules.

C. Maximum Takeoff Weight in Transition Flight

In a related problem, we can maximize the takeoff weight
for a specified runway length

min/ = § (50)
subject to Eqs. (26-36), Egs. (42-44), and
X(77) = Xpecitiea (51)

It turns out that this problem is a dual of the minimum runway
problem for a given takeoff weight. In other words, the spec-
ified takeoff weight in the minimum runway length problem
is equal to the solution of the maximum weight problem if
the minimum runway length in the first problem is specified
in the second problem. Optimal trajectories from the two
problems are nearly identical.

As the specified runway length decreases, the maximum
weight in the transition CTO flight also decreases. As a result,
the maximum takeoff weight in OEI CTO is determined by
steady OEI climb requirements if the runway length is suf-
ficiently long, and is determined by the available runway length
otherwise. Details are omitted.

Sometimes, a helicopter carries less weight than the max-
imum OEI weight possible. There are two ways to study the
less-weight scenario optimally. We can find the U, from Table
1 corresponding to the given weight and minimize the runway
length with this U,. Alternatively, we can fix U, = V,, + 15
and minimize the runway length for whatever weight given.
The second approach offers consistency for different takeoff
weights, since the pilot does not have to remember which U,
to follow.

Optimal trajectories are computed to minimize lengths for
three takeoff weights with U, = V, + 15 ft/s, V, = 50 ft/s,
and A, = 20 ft. Results show that the helicopter can easily
carry less weights and require shorter runway lengths. Details
are omitted.



ZHAO AND CHEN 779

V. Rejected Takeoff Flight

If an engine failure occurs before the helicopter reaches
TDP, the pilot must land the helicopter, or reject the takeoff.
In a safe rejected takeoff, the helicopter must achieve rea-
sonable touchdown speeds:

h(r;) = 0 (52)
W(T)) = Wi (53)
u(Tf) = Umax (54)

A. Minimum Runway Length Problem

A minimum runway RTO problem minimizes the final hor-
izontal distance as in Eq. (41), subject to Eqgs. (26—-36), and
terminal constraints in Eqs. (52—54).

The most remarkable feature of the minimum runway RTO
is that optimal paths are insensitive to takeoff weights within
a certain range. Figures 7 and 8 show the RTO paths with
hy = 20 ft for four takeoff weights selected from Tables 1 and
2, where Table 2 is based on Ref. 26. Except for W = 15,479
Ib, the minimum runway lengths are about the same. Runway
field lengths are about the same as well with i, = 10 ft. These
results are consistent with the flight tests reported in Ref. 3.

Figures 7 and 8 also show the basic features of minimum
runway RTO flights. A typical RTO flight path consists of
three phases. The first phase is a transition from a takeoff
climb to a steady descent. The thrust coefficient drops to zero
level; indicating the need to reduce collective upon the de-
cision to land. Correspondingly, the rotor speed increases to
the upper limit. The helicopter stores energy in its rotor. The
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Fig. 7 Effect of weight in OEI minimum runway length RTO.

Table 2 Typical mission weights for
UH-60 helicopter

Condition Weight, Ib

Aeromedical mission 15,479
Basic structure design 16,331
Aerial recovery mission 20,250

Normalized Rotor Speed
1.1

1.05

0.95 A

0.9

Flight Path Angle

Thrust Inclination Angle

deg
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.
'y
o
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Fig. 8 Minimum runway length RTO with V, = 50 ft/s, y, = 5 deg,
h, = 20 ft, and different weights.

second phase of RTO is a steady descent, where the rotor
speed stays at the upper limit while the helicopter power
required is equal to the OEI power available. Thrust increases
to a level needed to maintain the steady descent while tilting
backwards to slow the helicopter down in the horizontal di-
rection. Because the thrust is zero during the first flight phase,
the thrust inclination angle can be assumed to be —10 deg.
As a result, the pilot can tilt the thrust vector backwards at
the maximum possible angle during both the first and the
second phases of the RTO flight. In the final descent phase,
the helicopter uses the energy stored in the main rotor to
cushion the landing; causing thrust to increase and the rotor
speed to decrease. Use of the maximum rotor speed constraint
also limits the flight path angle, and thus, vertical descent
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Table 3 Maximum weights in RTO
with V,, = 50 ft/s and y, = 5 deg

hy. ft W Ib X/ 100 fE
10 23,102 88.31
15 22,264 94.13
20 21,651 114.04
25 21,266 133.04
30 21,033 152.55

rate. In all cases computed, the helicopter stays out of the
vortex-ring state.

In RTO flights, the terminal inequality constraints in Eqs.
(53) and (54) sometimes become equalities. We also compute
suboptimal RTO trajectories assuming both of these terminal
constraints as equalities. Results indicate that these trajec-
tories are very similar to the optimal trajectories where Egs.
(53) and (54) are enforced as inequalities.

B. Maximum Takeoff Weight in RTO

Actually, there is a finite range of takeoff weights within
which the minimum runway length is insensitive to takeoff
weight. As the takeoff weight becomes smaller, the minimum
runway length increases slightly (Fig. 7). When the takeoff
weight is further reduced, the optimization problem can fail
to converge; suggesting that it may be difficult to land a too
light-weighted helicopter.

When the takeoff weight becomes too large, on the other
hand, the optimization problem fails to converge as well.
Physically, there is a maximum safe weight in RTO for each
set of initial conditions. We can determine these maximum
weights through the following optimization problem:

min I = & (55)

subject to Eqs. (26—36), and Eqgs. (52-54). There is no con-
straint on the final horizontal distance. Table 3 shows the
maximum weights possible in RTO and the corresponding
runway lengths required, as functions of engine failure height
for V,, = 50 ft/s and y, = 5 deg.

The maximum weight for RTO varies with V|, and v,. For
50 = V,, = 80 ft/s, maximum RTO weights are between 21,000~
22,000 Ib. Therefore, the maximum takeoff weight in a Cat-
egory-A runway takeoff is determined by continued takeoff
and climbout (Table 1).

VI. Conditions of Takeoff Decision Point

We now combine the results of continued takeoff and re-
jected takeoff to obtain insights on the choice of TDP con-
ditions. Figure 9 shows the minimum runway field lengths
required for RTO and CTO for V,, = 50 ft/s, W = 17,715 b,
and y, = 5, 7, and 9 deg. Results for other values of V, can
be similarly constructed. Total runway lengths required are
calculated from

Ve hy, — 5
o = 2+ .
Xero 04g tan v, Xf cto (56)

Va + u?nux + h() - 5’

Krro = 04g tan 7,

+ Xf.rto (57)

We can use Fig. 9 to select TDP heights. A balanced field
length (BFL) results when both RTO and CTO require the
same runway length. To achieve a BFL for V,, = 50 ft/s,
Yo = 5deg, and W, = 17,715 Ib, e.g., we have App = 24
ft. As v, increases, TDP height for balanced field length and
the corresponding BFL both decrease. Figure 9 can also be
used to determine the best TDP height for unbalanced field
length cases, as required in some heliport configurations.

Effect of Nominal Gamma

N [
(%] [=]

TDP Height in ft
n
o

&

1 —
200 500 600 700 800
Runway Field Length in ft

Fig. 9 Minimum runway lengths for V, = 50 ft/s, W = 17,715 Ib,
and U, = 65 ft/s (for CTO).

Choice of V|, on the nominal AEO takeoff path affects the
maximum takeoff weight capability and runway length. Since
the maximum takeoff weight is determined by CTO, a higher
V, results in a higher payload capability at the expense of a
longer runway length.

While TDP conditions establish decision criteria on contin-
uing or rejecting the takeoff in the event of one engine failure,
actual engine failures may occur at any height. Continued
takeoff becomes easier as the engine failure height increases
beyond the TDP height, while rejected takeoff becomes easier
as the failure height decreases below the TDP height. One
could maximize flight safety in either case. For simplicity, one
can just follow the minimum runway length flight trajectories.

Future work will use a six degree-of-freedom rigid-body
helicopter model and expand the investigation to include the
effects of c.g. travel, pitch attitude constraints, g-loading con-
straint, and the pilot response time.

VII. Conclusions

Extensive trajectory optimizations are conducted to ex-
amine basic features of multiengine helicopter runway take-
offs in the case of one engine failure. Both continued takeoff
and rejected takeoff flight are investigated. Two optimal con-
trol problems are formulated. Subject to specified final con-
ditions, one formulation minimizes the runway field length
for a given takeoff weight and the other maximizes the takeoff
weight. Numerical results replicate those from flight tests re-
ported in the literature.

In a continued takeoff, a helicopter trades rotational energy
for potential and kinetic energy. As a result, the rotor angular
speed reduces to and stays at the lower limit for a substantial
part. An optimal choice of the takeoff safety speed is about
15 ft/s or 10 kn above the nominal takeoff speed. This choice
maximizes the takeoff weight while the helicopter monoton-
ically gains altitude during the continued takeoff following an
engine failure. The problem of minimizing runway length for
a given takeoff weight produces nearly identical trajectories
as that of maximizing the takeoff weight for a fixed runway
length, if the weight and runway length are properly specified.

In a rejected takeoff, a helicopter stores energy in the rotor
at the beginning and uses this rotational energy to soften the
landing at the end. As a result, the rotor speed reaches the
maximum limit during the steady descent. The minimum run-
way length is relatively insensitive to takeoff weights that are
less than the maximum weight possible for given initial con-
ditions.

Combined considerations of continued and rejected takeoff
shed light on the choices of TDP conditions. For obtaining
BFL, TDP height decreases for increased nominal flight-path
angle. Maximum takeoff weights in Category-A runway op-
erations are determined by continued takeoff. To increase the
maximum takeoff weight capability, larger nominal takeoff
speeds can be used, at the expense of longer runway field
lengths.
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Appendix: UH-60A Parameters
for Optimization Studies

The UH-60A helicopter has a maximum takeoff weight of
22,000 Ib. The maximum takeoff power is 3086 shaft hp. Other
related parameters are R = 26.83 ft, o = 0.0821, &, = 27
rad/s, C; = 0.01846, and I, = 7060 slug ft*.

Values of parameters used in the optimizations are f, = 30
ft>, p = 0.002377 slugs/ft?, g = 32.2 ft/s?, ¢, = 0.012,
= 0.85, K,,, = 1.15, W, = 20,000 b, w,,. = 3 ft/s, and

Upax = 40 ft/s, Box = 10 deg, Q... = 107%, O,

91%, Pucccssory = 47.3 hp, Pogr e = 1650 hp, Posx,ms% =
1573 hp.
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